This result was conjectured by Mahowald and discussed by Adams in [2].
We use it to define an invariant due to Mahowald in the stable homotopy groups of spheres which has been the subject of much speculation by him and his coworkers.
Most of the results of section 1 are derived from 1.7 which states that certain maps induce isomorphisms of cohomotopy groups above certain dimensions. Lin [13] proved the special case of this result that he needed with the Adams spectral sequence (ASS). In section 2 we prove 1.7 with our main technical tool, the modified Adams spectral sequence (MASS), after explaining why the usual ASS will not work in general.
In section 3 we prove the requisite technical properties of the MASS including convergence (3.6) and identification of the E2-term (3.4).
I thank J. F. Adams and J. H. C. Gunawardena for the many enjoyable conversations which led to the writing of this paper. I am grateful to Bob Bruner for some useful comments on section 3.
1. Main results. In this section we prove Segal Conjecture II for cyclic groups (1.19) and certain metacyclic groups (1.21). These are corollaries of a more general result (1.11) which describes the duals of the Thom spectra of multiples of the canonical complex line bundle over BZ/(p') and CP'. Inverse limits of these Thom spectra, which have cells in all negative dimensions, are shown (1.15) to be equivalent to certain connective spectra, thereby providing spectacular examples of the failure of homology to commute with inverse limits.
1.11 and its consequences are derived from 1.7 which says that certain maps between these Thom spectra induce isomorphisms in cohomotopy above a given dimension. The proof uses a new generalization of the Adams spectral sequence and is given in section 2.
We have to state our results in terms of functional duals and p-adic completions and cocompletions so we begin by defining these objects and giving their basic properties.
1.1 Definition. Given a spectrum X let X/(pi) be the cofibre of X 4 X. Let X, the p-adic completion of X, be lim X/(pi), and let X, the p-adic cocompletion of X be lim E -'X/(p The following result is crucial. Its proof involves a new generalization of the Adams spectral sequence and will be presented in section 2, while the requisite properties of the spectral sequence will be established in section 3. Let Vi be defined similarly to Ui using BZ/(pn-) instead of BZ/(pn). Note that UO and VO are the suspension spectra of BZ/(pn)+ and BZ/(pn-)+ respectively, so we have a reduction map UO -+ VO which we denote by r. The pth power map on CP' induces a map on CPO is a monomorphism.
? l Now we have computed the target of the map 2.2. We cannot compute the source explicitly, but it can be shown that the ASS for -r*(Vo) has an El -term isomorphic to H*(Vo) ( Ext(Z/(p)) where the d1 reflects the action of A on H*(Vo). From this it is clear that 2.2 cannot be an isomorphism and our attempt to extend Lin's proof to the case n > 1 is doomed.
Our way out of this difficulty is to modify the ASS for 7r*(V0) such that the resulting E2-term is isomorphic to Ext(R). We will refer to this spectral sequence as the MASS and denote its E2-term by Mext(H*(Vo)). Our aim is to prove 2.7 THEOREM.
There is a MASS converging to -x*(VO) with E2-term Mext (H*(Vo)) -Ext(R) which is compatible with the ASS for ir*(U_i) in the sense that the maps U0-j Vo of 1.7 induce the above isomorphism.
Ol
The first part of 1.7 will follow easily from this result; we replace R by H*(U_j) and get an isomorphism of E2-terms and hence of cohomotopy groups in the appropriate range. In a similar way the statement in 1.7 about CP' will follow from 2.8 THEOREM.
There We will see that the MASS is independent (from E2 onward) of the choice of Yj, but it depends very much on the choice of Xi. In particular the choice Xi = pt. for i > 0 gives the usual ASS. We ask the reader's forgiveness for not making this dependence explicit in our notation. Now we will prove 2.7 and 2.8, and hence 1.7, modulo various properties of the MASS to be proved in section 3. To compute the E2-term we have
is a MASS converging to -r*(Cpo) with E2-term Mext(H*CPO)) -Ext(C) which is

LEMMA. With notations as above suppose each map
Xi-
Xi+1 is injective in mod (p) cohomology. Then the E2 -term for the MASS for [X, Y] is given by Es,t=
Exts-i t+li(H*(Y), H*(Xi+l, Xi)). El
This will be proved in section 3. For 2.7 and 2.8 we useXi = Vi andXi = CPi respectively with Y = SO in both cases. Then 2.13 applies and shows that the E2 -terms are as specified in 2.7 and 2.8, but we still have to show that these isomorphisms are induced by the indicated maps. We will do this only for 2.7, leaving the similar argument for 2.8 to the reader.
To prove 2.7 we must show that the above MASS for 7r*(Vo) is compatible with the standard ASS for -r*(Ui). The latter involves the diagram 2.14 U-i which does not map to
VO V, V2
the diagram used in the former MASS. We will replace 2.14 by a diagram which does map to 2.15 and which gives the same standard ASS for 7r*(LLi). The following result complements 2.13 and will be proved in section 3. 3. Convergence and other properties of the MASS. In this section we verify the technical properties of the MASS which are needed to complete the proof of 1.7. With an eye to future applications we prove some of our results (3.4 and 3.6) in greater generality than required above. We begin with a technical lemma (3.1) about homotopy commutative diagrams needed in 2.12 to construct the MASS. Then we define Mext (3.3), a homological functor with which the MASS E2-term will be identified in 3.4. It is a generalization of Ext in which one of the variables is replaced by a chain complex. Next we show (3.5) the MASS is independent from E2 onward of all the choices made in its construction. Finally we prove our convergence theorem (3.6).
To construct the MASS we need to know that the homotopy commutative diagram 2.11 is equivalent to one which is strictly commutative and in which every map is an inclusion. This result for diagrams of spectra follows from the analogous result for diagrams of spaces. The proof is a generalized mapping cylinder construction; recall that a map f: X -+ Y is equivalent to the inclusion of X in the mapping cylinder of f. More precisely we have 3.1 LEMMA.
Suppose we have a homotopy commutative diagram of spectra Xi,j(i, j e Z) and mapsf : X1,j -Xi-,j and g :X-,j Xj,j_1 (subscripts on f and g can be omitted without ambiguity). Then there is a homotopy equivalent diagram (X!' , f ', g') (i.e. there are homotopy equivalences k: Xjj --X1,j with f 'k -kf and g 'k -kg) which is strictly commutative and in which all the maps are inclusions.
The construction in the proof will depend on the choice of homotopy (for each i and j) between fg and gf. -,j-1 be a base point preserving homotopy between fg and gf with  h(x, 0) = gf (x) and h(x, 1) = fg(x) . Let X' be the quotient of U i,j Xi,j X I2 obtained by the following identifications for x E I--and s, t e I: (a) (x, t, 0) = (f(x), 0, (t + 1)/2)   (b) (x, t, 1) = (g(x), 0, (1 -t)/2)   (c) (x, 1, t) = (h(x, t), 0, 1/2)  (d) (xo, s, t) = (xo, 0, 0 ,,j (s > 0), p((x, 0, t), u) = (x, 0, t -u/2) for 0 c  u c 2t and  (k) for x E Xi+,,j + (s, t > 0), p((x, a, b), u) = (x, a + u, b) for 0 < u c 1 -a.
To verify that p has the desired properties note that in (i), (j) and (k) when u has its prescribed maximum value, p(x', u) can be identified using rules Note that the hypotheses above are adequate for our applications. In each case Xi is p-adically cocomplete and finite.
The proof requires the following technical lemmas which will be proved below. 
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